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Admin:	the	Exam

What	to	expect:
• Five	questions,	answer	four
– Topics:	RL,	MAL,	SI,	DL,	AIS/DNA
– 25	points	each

• Each	question/topic:
– Technical	part	
e.g.	compute	something,	explain	an	algorithm

– Theoretical	part
e.g.	explain	intuitions	behind	certain	mechanisms



Admin:	Task	2

• First:	make	groups	of	3/4 (preferably 3)
• Each group is assigned one paper from	the	list	on	
VITAL,	on one or several topics of the lectures

• Study	the	paper,	and	prepare	a	presentation
– You	will	present	your	paper	in	class	(10 minutes)
– Deadline	to	submit	your	slides:	27 April
– Presentations	will	be	scheduled	after	that	date
– Points++: try the code in GitHub, demonstrate some
results (if possible…)



Outline	(3-ish	lectures)

• Introduction	to	Evolutionary	Game	Theory
– Replicator	Dynamics

– Evolutionarily	Stable	Strategies

– Example	games

• Formal	link	between	RL	and	EGT
– Deriving	the	dynamics	of	Cross’ Learning

– Extension	to	other	RL	algorithms

• Applications	of	this	model
– Parameter	tuning

– Analyzing	complex	strategic	interactions



Formal	link	between	RL	and	EGT

• Main reading material:

Bloembergen, et al.., 2015. Evolutionary 
Dynamics of Multi-Agent Learning: A 
Survey. JAIR, 53, pp.659-697.

Available in Vital.



Recap:	Evolutionary	Game	Theory

• Studies	a	population..
..of	individuals	of	different	types..
..who	are	randomly	paired	in	interaction..
..and	whose	relative	fitness determines	their	
reproductive	success

• Evolutionary	operators:
– Selection⬌ exploitation
–Mutation⬌ exploration



Recap:	Replicator	Dynamics

• Standard Replicator	Dynamics:

!̇# = !# %# ! −'!(%( !
(

• When	interactions	are	modelled	as	a	game:

!̇# = !# )! # − !⊺)!
• When	two	populations co-evolve:

!̇# = !# )+ # − !⊺)+
+̇# = +# !⊺, # − !⊺,+



Recap:	Replicator	Dynamics

!̇# = !# %& # − !⊺%&
&̇# = &# !⊺) # − !⊺)&
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Evolutionary Dynamics of Multi-Agent Learning
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Figure 4: The replicator dynamics, plotted in the unit simplex, for the prisoner’s dilemma
(left), the stag hunt (center), and matching pennies (right).

To illustrate the dynamics of Equation 6, we analyse the three games presented in Figure 3.
Since a player’s strategy over two actions is fully defined by the probability of the first action
(as x

2

= 1�x
1

), we can plot the strategy space of these games as the two-dimensional unit
simplex over the tuple (x

1

, y
1

). Plugging the payo↵ matrix of each game into the replicator
dynamics of Equation 6, we find the direction and relative speed of change for each point
in the unit simplex. The resulting vector fields for the three games are shown in Figure 4.

Figure 4 shows that the players in the prisoner’s dilemma are drawn to the (D,D)
equilibrium, which is both a NE and an ESS. In the stag hunt, both pure NE, (S, S) and
(H,H), are also ESS, but the mixed NE is not. It is a fixed point, but not asymptotically
stable. Finally, the matching pennies game has a single mixed NE at (1

2

, 1
2

), where both
players randomise uniformly over their actions. However, this again is not an ESS; instead
all trajectories cycle around this fixed point.

3. Relating Reinforcement Learning and Replicator Dynamics

Recent research analysing the dynamics of multi-agent learning builds on seminal work
by Börgers and Sarin (1997), who first proved the formal relation between the replicator
dynamics of evolutionary game theory and reinforcement learning. In this section, we will
first summarise their proof. Next, we present a categorisation of recent work, based on the
nature of the environment and actions available to the agents.

3.1 Replicator Dynamics as the Continuous Time Limit of Cross Learning

Multi-agent learning and evolutionary game theory share a substantial part of their foun-
dation, in that they both deal with the decision making processes of boundedly rational
agents, or players, in uncertain environments. The link between these two fields is not only
an intuitive one, but was made formal with the proof that the continuous time limit of
Cross learning converges to the replicator dynamics (Börgers & Sarin, 1997).
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The	Link	to	Multi-Agent	Learning

What	is	the	interpretation	of	the	Replicator	Dynamics?

• The	evolution	of	a	population	of	individuals	under	
natural	selection
(Evolutionary	Game	Theory)

• A	player	gradually	adapting	her	strategy
(Classical	Game	Theory)

• The	policy	change	of	a	learning	agent!
(Multi-Agent	Learning)



Dictionary

Reinforcement	
Learning

Classical	
Game	Theory

Evolutionary	
Game	Theory

environment game game
agent player population
action action type
policy strategy distribution	over	

types
reward payoff fitness



The	Link	to	Multi-Agent	Learning

A	simple	example	game:	Matching	Pennies	
• Two	players	choose	
heads	or	tails

• Player	1	wins	if	both	
choose	different	sides

• Otherwise	player	2	wins

• Nash	equilibrium:	choose	
either	action	with	equal	probability

H T

H -1,	1 1,	-1

T 1, -1 -1,	1



The	Link	to	Multi-Agent	Learning

• Two	population	replicator	
dynamics

!̇# = !# %& # − !⊺%&
&̇# = &# !⊺) # − !⊺)&
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The	Link	to	Multi-Agent	Learning

Learning	to	play	the	game	

• Reinforcement	learning	
– Players	iteratively	improve	
their	policy	over	time	

– E.g.	Learning	Automata	

• Policy	traces	match	precisely	
with	the	replicator	dynamics!
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Formalising the	Link

• Cross’ Learning:

! " ← ! " + % &' − ! " '
−! " ' 				 if	taken	action	"otherwise

• What	is	the	expected	policy	update	of	this	
algorithm?

Cross, 1973. A stochastic learning model of economic behavior. The Quarterly Journal of Economics, 87(2), pp.239-266.



! " ← ! " + % &' − ! " '
−! " ' 				 if	taken	action	"otherwise

• Expected	update	to	!(") after	taking	action	":
9 ∆! " = % 9< ' − ! " 9< '

• Expected	update	to	!(") after	taking	action	= ≠ ":
9 ∆! " = % −! " 9? '

Formalising the	Link

Börgers & Sarin, 1997. Learning through reinforcement and replicator dynamics. J. of Economic Theory, 77(1), pp.1-14. 
Bloembergen, et al.., 2015. Evolutionary Dynamics of Multi-Agent Learning: A Survey. JAIR, 53, pp.659-697.



! " ← ! " + % &' − ! " '
−! " ' 				 if	taken	action	"otherwise

• Combining	those,	weighted	by	their	probability	of	
occurring:

7 ∆! " = %! " 7: ' − ! " 7: '
																																				+%; ! < −! " 7= '

=>:

Formalising the	Link

probability	of	taking	action	"

probability	of	taking	any	other	action



Formalising the	Link

! ∆# $ = &# $ !' ( − # $ !' (
																																				+&, # - −# $ !. (

./'

We	can	rewrite	this	equation	as:

! ∆# $ = &# $ !' ( − & # $ # $ !' (
																																				−&, # - # $ !. (

./'

																										= &# $ !' ( − &, # - # $ !. (
.



Formalising the	Link

! ∆# $ = &# $ !' ( − & # $ # $ !' (
																																				−&+ # , # $ !- (

-.'

																				= &# $ !' ( − &+ # , # $ !- (
-

																				= &# $ !' ( − &# $ + # , !- (
-

									= &# $ !' ( −+ # , !- (
-



Formalising the	Link

• So,	the	expected	policy	change	of	Cross’ Learning	is

! ∆# $ = &# $ !' ( −* # + !, (
,

• Now	assume	very	small	update	steps	- such	that

#./0 $ = #. $ + -∆#. $
• Taking	the	limit	- → 0 gives

#̇ $ = &# $ !' ( −* # + !, (
,



Formalising the	Link

• Now	we	have	the	policy	gradient	of	Cross’ Learning

!̇ # = %! # &' ( −* ! + &, (
,

• Suppose	the	learner	interacts	in	a	matrix	game
– with	payoff	matrix	-
– using	the	simplified	stateless	policy	. with	.' = ! #
– against	an	opponent	playing	policy	/

.̇' = %.' -/ ' − .⊺-/

Looks	familiar??



Formalising the	Link

! " ← ! " + % &' − ! " '
−! " ' 				 if	taken	action	"otherwise

“EQUALS”

7̇9 = %79 ;< 9 − 7⊺;<

Cross’ Learning	behaviour matches	the	
Replicator	Dynamics	in	expectation!



The	Link	between	RL	and	EGT

The	formal	link	between	EGT	and	RL	
has	many	advantages

• Modifications	allow	to	model	various	RL	
algorithms	

• Provides	insight	into	the	black	box	of	RL	
• Simplifies	parameter	tuning	
• Allows	to	create	new	learning	algorithms	by	first	
designing	the	preferred	dynamics



Dynamics	of	Q-learning

We	can	modify	the	replicator	dynamics	to	match	the	
simplified	form	of	Q-learning

Q " ← Q " + % & − Q "

with	Boltzman /	softmax action	selection,	which	generates	
policy	( as

( " = *+ , -⁄

∑ *+ 0 -⁄0

with	temperature	1 balancing	exploration	and	exploitation



Dynamics	of	Q-learning

The	modified	replicator	dynamics	that	match	
Boltzman Q-learning

!̇# =
%!#
& '( # − !⊺'( − %!# log !# −. !/ log !/

/

selection following	the	
replicator	dynamics	

mutation	as	a	result	of	
Boltzman action	selection

exploitation exploration



Comparing	RL	Algorithms

• In	a	similar	way	we	can	derive	the	dynamics	of	
many	reinforcement	learning	algorithms
– Cross’ Learning
– Q-learning
– Infinitesimal	Gradient	Ascent	(IGA)
– Win-or-Learn-Fast	IGA	(WoLF)
– Weighted	Policy	Learner	(WPL)

• Using	the	dynamics	we	can	easily	compare	their	
learning	behaviour!



Comparing	RL	Algorithms

Simplified	dynamics	in	2	player	2	action	games

where	ð is	the	gradient	of	the	value	function	w.r.t.	" = "$

Bloembergen, Tuyls, Hennes, & Kaisers

denote the gradient, such that the CL dynamics are written as ẋ = x(1 � x)g. Then,
similarly, the simplified FAQ dynamics read

ẋ = ↵x(1� x)


g
⌧
� log

x

1� x

�
.

The dynamics of RM are slightly more complex, as the denominator depends on which
action gives the highest reward. This can be derived from the gradient: the first action will
be maximal i↵ g > 0. Using this insight, the dynamics of RM in two action games can be
written as follows:

ẋ = ↵x(1� x)g ·
⇢

(1 + ↵xg)�1 if g < 0

(1� ↵(1� x)g)�1 otherwise.

For IGA, the update rule can be worked out in a similar fashion. The main term in this
update rule is the gradient of the expected reward, which in two player two-action games
can be written as

@V (x)

@x
=

@

@x
(x, 1� x)A

✓
y

1� y

◆

= y(a
11

� a
12

� a
21

+ a
22

) + a
12

� a
22

= yhAh>+ a
12

� a
22

= g.
This reduces the dynamics of the update rule for IGA in two-player two-action games to
ẋ = ↵g. The extension of the dynamics of IGA to IGA-WoLF and WPL are straightforward.

Table 3 lists the dynamics of the six discussed algorithms: IGA, IGA-WoLF, WPL,
CL, FAQ and RM. It is immediately clear from this table that all algorithms share the
same basic term in their dynamics: the gradient g. Depending on the algorithm, the
gradient is scaled with a learning speed modulation. Interestingly, the dynamics of IGA are
completely independent of the learner’s own current policy x. In other words, IGA is an

Table 3: This table shows an overview of the learning dynamics, rewritten for the specific
case of two-agent two-action games (Kaisers et al., 2012).

Algorithm ẋ

IGA ↵g

IGA-WoLF g ·
⇢
↵
min

if V (x) > V (x⇤)

↵
max

otherwise

WPL ↵g ·
⇢
x if g < 0

(1� x) otherwise

CL x(1� x) g
FAQ ↵x(1� x)

⇥
g ·⌧�1 � log x

1�x

⇤

RM ↵x(1� x) g ·
⇢
(1 + ↵xg)�1 if g < 0

(1� ↵(1� x)g)�1 otherwise
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Evolutionary Dynamics of Multi-Agent Learning

replicator dynamics. The link between a simple policy learner such as Cross learning, and
a dynamical system in the policy space may seem intuitive. However, this link has been
extended to value-based (and more complex policy-based) learners as well. A selection-
mutation model of Boltzmann Q-learning has been proposed by Tuyls et al. (2003), assuming
a constant temperature ⌧ .5 Tuyls et al. show that the dynamical system can be decomposed
into terms for exploitation (selection following the replicator dynamics) and exploration
(mutation through randomisation based on the Boltzmann mechanism):6

ẋ
i

=
↵x

i

⌧

h
(Ay)

i

� x>Ay
i

| {z }
exploitation

�↵x
i

h
log x

i

�
P

k

x
k

log x
k

i

| {z }
exploration

. (10)

Another way to view the two terms of Equation 10 is in relation to the thermodynamical
concepts of energy and entropy, where selection is analogous to energy, and mutation to
entropy. The entropy term can be further subdivided in the entropy of one individual strat-
egy, log x

i

, and the entropy of the entire population,
P

k

x
k

log x
k

. In this sense, mutation is
determined by the di↵erence in entropy of an individual strategy compared to the entropy
of the whole population (Tuyls et al., 2003).

The dynamical model of Equation 10 assumes that all actions are updated simultane-
ously, as is the case for Cross learning. Q-learning, however, only updates the Q-value of the
selected action, causing discrepancies between the predicted dynamics and the actual learn-
ing behaviour of the algorithm. The variation frequency-adjusted Q-learning (FAQ) (Kaisers
& Tuyls, 2010) mimics simultaneous action updates by modulating the update rule (Equa-
tion 3) inversely proportional to x

i

, thereby following the dynamical model of Equation 10
precisely. Dropping the state dependency, this yields

Q(i) Q(i) +
1

x
i

↵


r +max

j

Q(j)�Q(i)

�
.

Using the replicator dynamics model of Equation 10, two independent proofs of convergence
for FAQ have been derived for two-player two-action normal-form games, showing conver-
gence near Nash equilibria given a decreasing exploration temperature ⌧ (Kaisers & Tuyls,
2011; Kianercy & Galstyan, 2012).

Lenient FAQ (LFAQ) (Bloembergen et al., 2011) is a variation aimed at overcoming
convergence to suboptimal equilibria by mis-coordination in the early phase of cooperative
learning processes, when mistakes by one agent may lead to penalties for others, irrespective
of the quality of their actions. Leniency towards such mistakes can be achieved by collecting
 rewards for each action, and updating the Q-value based on the highest of those rewards.
This causes an (optimistic) change in the expected reward for the actions of the learning
agent, incorporating the probability of a potential reward for that action being the highest
of  consecutive tries (Panait et al., 2008). The expected reward for each action Ay in

5. For a model of Boltzmann Q-learning dynamics with varying temperature, see the work of Kaisers, Tuyls,
Parsons, and Thuijsman (2009) and Kaisers (2012).

6. From here on, we will derive the dynamics of one agent only. The dynamics of other agents follow
straightforwardly, similar to Equation 9.
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Matching	Pennies
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Figure 7 in Bloembergen, et al., survey paper, JAIR 2015.



Matching	Pennies
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“Tracing”	the	dynamics	gives	detailed	
insights	into	convergence!



The	Dynamics	of	MARL

• So	far,	restricted	to	stateless	games	with	
discrete	actions	

• However,	promising	steps	have	been	taken	to	
extend	the	evolutionary	model	
– to	continuous	action	spaces
– to	multi-state	games
– to	extensive	form	games



Applications	of	the	Evolutionary	Model

• The	evolutionary	model	is	useful	to	study	
dynamics	of	a	given	learner	..	
..	which	can	facilitate	parameter	tuning

• Reverse	approach:	design	a	learning	algorithm	
that	exhibits	desired	dynamics	

• Study	complex	strategic	interactions	that	
normally	defy	formal	analysis	



Wrapping up

• Formal	link	between	RL	and	EGT
– Deriving	the	dynamics	of	Cross	Learning
– Extension	to	other	RL	algorithms, e.g., Boltzman Q-
learning

• Next lecture: Applications EGT models


